We propose a general geometry representation of d-level quantum system (or qudit for short). Then we define a general class of operations for qudits. A sufficient and necessary condition of when an operation in the class would be a legal quantum operation is found. This condition is expressed in terms of the quantum Fourier transform. As an application of this condition, we recover the optimal d-level universal N OT gate and show the optimality of qubit case.
Introduction
Almost all quantum systems in the real world are open in the sense that they suffer from unwanted interactions with the outside world. The dynamics of an open quantum system is usually much more complicated than that of a closed one. One of the most important mathematical tool of describing the dynamics of an open quantum system is quantum operation, and it has been systematically studied after Kraus's seminal work [1] . Comparing with other mathematical formalisms for coping with open quantum systems, such as master equation, Langevin equation and stochastic differential equation, quantum operations are especially suited to depict discrete state change where the passage of time is discretized. In recent years, the rapid development of quantum information processing technology revives a wide interest on quantum operations due to the fact that quantum information processing systems such as quantum computers are often affected from outside noises, and mainly a discrete-time evolution is concerned in these systems. Indeed, quantum operation plays an important role in many active fields such as quantum computation, quantum information, quantum error-correcting codes and quantum fault-tolerant computation [2] [3] [4] (for an excellent exposition, see [5] Chapter 8).
There are several equivalent ways of introducing the notion of quantum operation, and one of them is given in terms of completely positive (often abbreviated as CP) mappings. Let P denote the Hilbert space of the interesting quantum system, a linear mapping κ on P is said to be positive if it sends a positive operator to another positive one; while κ is completely positive if furthermore the mapping I ⊗ κ is also positive when accompanied by an ancillary system, where I is the identity mapping. As long as the composite system consisted of the principal system together with an ancillary system is considered, the CP condition is necessary and sufficient to keep the state of the composite system after the dynamics I ⊗ κ being still legal, where I ⊗ κ stands for an action on the interesting system of κ, leaving the ancillary system unchanged. So the complete positivity is a natural requirement by the real physical world. Now a quantum operation is defined to be a completely positive and trace-preserving linear mapping on the state space P . Some representations of the CP mapping have been presented in [1] , also in [6] , and one important example of the CP mapping on P is
where A † k is the conjugate transpose of A k . In order to make E being a quantum operation, the following completeness condition
is required to guarantee that it is trace-preserving. For some other descriptions of quantum operations, we refer to [5] . As trace-preserving quantum operation is a mathematical description of quantum channel, a thorough study on quantum operation will help us to understand some limits or capabilities of quantum information processing.
The main goal of this paper is to find some necessary and sufficient conditions for certain kind of linear mappings to be quantum operations. To motivate our problem, let us consider the trace-preserving quantum operation κ on a two-level quantum system (or qubit for short). We employ the very useful geometric tool of Bloch sphere to represent qubits. Then every qubit can be depicted as a vector on it. Recall that the general form of the affine mapping on the Bloch sphere is
where r and r ′ are respectively the original and the image vectors under the mapping, M is a 3 × 3 real matrix and (b x , b y , b z ) the displacement vector. It is easy to see that the effect of a quantum operation on qubits is just an affine mapping on the corresponding vectors. Conversely, a question naturally arises: whether or not every affine mapping on the Bloch sphere has a corresponding quantum operation? The answer to this question is unfortunately no. In fact, there are very simple affine maps that cannot be images of quantum operations [7] [8] . A sufficient and necessary condition of the case when the displacement vector is missing has been found by several research groups [7] [9] [10] , and some special cases of (b x , b y , b z ) are also considered. A qubit is the simplest quantum system, and in quantum information processing many qubits will frequently be combined together to form a higher dimensional system. Thus, quantum operations on higher dimensional systems are very important for the study of quantum information. This observation leads us to consider the higher dimensional generalization of the above question. To the authors' best knowledge, the higher dimensional version of this question is still open. In the present paper, we will carefully examine the affine mappings in higher dimensional quantum systems, and give a partial answer to this higher dimensional question. This will certainly give some new insights into the field of quantum information processing and bring a useful mathematical tool for the solutions of some problems in this field.
The paper is organized as follows. In Section 2, we extend the vector representation from qubit to the qudit case. This enables us to give a d-dimensional generalization of affine mappings. Some simple properties of such geometric representation are presented. In Section 3, we focus our attention on a special class of higher dimensional affine mappings where the transition matrix is diagonalized and the displacement vector vanishes. A sufficient and necessary condition of when an mapping in this class is a quantum operation is found. With this condition, one can easily check out whether a given mapping in the special case is an image of a quantum operation or not. Some well known results, for example the universal NOT gate with optimal fidelity in the high dimensional state space, can be recovered. A more general case when more than one qudit are involved is also discussed. The most interesting thing is that this condition is deeply related to the quantum Fourier transform (QFT for short). It should be pointed out that such a surprising connection of quantum operation with the quantum Fourier transform is not easy to observe if we only deal with the case of qubits. In Section 4, we further consider higher dimensional affine mappings with diagonal transition matrix in which the displacement vector is present. These are most common affine mappings in practical use. The problem of determining when such an affine mapping is a quantum operation is then reduced to the semi-positive definite programming problem. We argue that this problem has no simple ways to solve for the general case. Although that, we are still able to give a simple sufficient condition under which an affine mapping with a diagonal transition matrix and a non-zero displacement vector is a quantum operation. In Section 5, we draw a brief conclusion.
A geometric representation of qudits
It is well known that for qubit systems, a wonderful geometric representation using Bloch sphere exists. To be specific, the density matrix ρ of a qubit can be written as
is a formal vector of Pauli matrices and r · σ = r x X + r y Y + r z Z. It may be noted that | r| = 1 if and only if ρ is a pure state, and ρ is a mixed state whenever | r| < 1. Using vector r, we can completely determine a quantum state ρ. Furthermore, the dynamics of ρ can be visualized through the affine operation on r. The key of a qubit possessing the Bloch sphere vector representation is there exist a set of Pauli matrices which, together with the identity matrix I, form a basis of the 2 × 2 matrix space.
To extend such a representation to a higher dimensional state space, we have to use a set of generalized Pauli matrices [2] . Suppose we have an orthonormal basis {|k } of a qudit space P , if we define X as X|k = |k + 1 , where the addition is modulo d, and Z as Z|k = ω k |k , where ω = exp(− 2πi d ) is the dth unity root, then the whole set of the general Pauli matrices in qudit system can be expressed as σ pq = {X p Z q }, where p and q range from 0 to d − 1. For a detailed presentation of the properties the generalized Pauli matrices enjoy, we refer to [2] . Here we only list some of them needed in what follows: 
The next proposition shows that on a higher dimensional space the matrix composed of all eigenvectors of X corresponds exactly to the Fourier transform F . Proposition 2.1 Suppose F is the Fourier transform on a high dimensional space P , that is
is an orthonormal basis of P .
Proof. The key idea of the proof is to diagonalize X, we omit the details.
Using this set of generalized Pauli matrices in high dimensional space, we can decompose a density matrix ρ of a qudit in the interesting Hilbert space P as follows:
Suppose quantum operation E on P maps ρ to ρ ′ with the representation
In other words, every quantum operation leads to an affine mapping with the form
Then the question raised in the introduction can be more explicitly stated as follows: Is every affine mapping with the form (5) a quantum operation on state space P . In general, the answer to this question is certainly no. Our purpose of this paper is then to find the condition when the answer is yes.
Before we go deep into this question, let us first examine some properties that M and C must satisfy. For ρ is a positive operator, we get ρ = ρ † and r · σ = ( r · σ) † ; that is r * 
Then the condition turns out to be K −p,−q = K * p,q . So if a quantum operation maps ρ with the Bloch vector r to E(ρ) with the Bloch vector M r, where
is diagonal, then the following conditions must be satisfied:
and
For the case of qubits, i.e., d = 2, the above condition may be rewritten as follows:
This means that
that is, r 0,1 , r 1,0 are real numbers and r 11 is pure imaginary number. In this case,
all the three numbers K 0,1 , K 1,0 and K 1,1 are real. Moreover, by introducing Y = iXZ, we can also make r 1,1 being a real number. Then the qubit state ρ and real vector r = (r 01 , r 10 , r 11 ) are one to one corresponding to each other when | r| ≤ 1, and the scalars of the three axes are all real numbers.
A CP condition for affine mappings without displacement vectors
In this section, we consider the special affine mappings with diagonal transition matrices M and no displacement vectors. The effect of these mappings is just a scalar multiplication by K p,q in the direction σ p,q , or more specific
where M = diag(K p,q ) is a diagonal matrix. In this case E(σ p,q ) = K p,q σ p,q . It is well known that when qubits are considered, with a suitably chosen axis, many interesting quantum operations have this simple form in the Bloch sphere. The typical examples are bit flip channel and phase damping [5] . This section is devoted to finding the necessary and sufficient condition of such affine mapping being a quantum operation's image. As mentioned before, a key feature of a quantum operation is its complete positivity. To determine the complete positivity of E, we need the following theorem attributed to Kraus [1] : Theorem 3.1 Suppose E is a linear operation on Hilbert space P , Q is an ancillary Hilbert space with the same dimensionality with P . Let {|k } be an orthonormal basis for P and Q. Then E is CP mapping if and only if the operator
is positive, where |α = k |k |k / √ d is the maximal entangled state of the composite system.
Using Kraus's theorem, to decide whether a given linear mapping is a CP one, we need only examine the positivity of eigenvalues of the operator (I ⊗ E)(|α α|).
With the above preparation, we now are able to present the main result of this paper, namely, a CP condition for an affine mapping E with a diagonal transition matrix and no displacement vector. To one's surprise, this condition is essentially connected with the quantum Fourier transform F , which as we all known plays a crucial role in quantum computation (for example, quantum Fourier transform is a key step for the Shor's factoring algorithm and Discrete Logarithm Problem [4] ). To be specific, we have the following theorem.
Theorem 3.2 The linear mapping defined in (6) is a CP one if and only if
Proof. Using the Kraus's theorem, we need to calculate (I ⊗ E)(|α α|). So first we expand |k l| as the linear combinations of {σ i,j }. By the orthogonality of σ i,j , we get |k l| = m,n α mn σ m,n ,
The crucial point of the problem is that the set{σ m,−n ⊗ σ m,n } form an Abelian group of order d 2 , which means that this set is closed under the operation of matrix multiplication, matrix inversion, and its elements commutate with each other. We prove commutating relation as follows:
Thus, we can simultaneously diagonalize the generalized Pauli matrices as
where D mn is a diagonal matrix, and U a unitary matrix. It must be noted that the matrix U can be chosen as the same for all the matrices in the set. Then
The diagonal entries give the desired eigenvalues of (I ⊗ E)(|α α|). Define
So |V st is the eigenvector with eigenvalue µ st , where
or in matrix representation,
For (I ⊗E)(|α α|) is a Hermitian matrix, it is positive if and only if all its eigenvalues are non-negative. This leads to the relation
With this we end the proof of the theorem. Now we consider further the case where N qudits are involved. We write i = (i 1 , i 2 , ..., i N ) and j = (j 1 , j 2 , ..., j N ) and denote the Pauli matrix σ i 1 ,j 1 ⊗ σ i 2 ,j 2 · · · , ⊗σ i N ,j N of the whole system as σ i,j . Then the following theorem is a straightforward generalization of Theorem 3.2.
Theorem 3.3 Let Q be a Hilbert space with dimensionality d, and let E be a linear mapping on Hilbert space Q ⊗N such that
Then E is CP if and only if
To conclude this section, we show some simple applications of the above two theorems. First, let us come back to the case of qubits. Notice that in this case, quantum Fourier transform F is just the Hadamard gate H = (X + Z)/ √ 2. For H † = H, the CP condition given in Theorem 3.3 can be rewritten in a more brief form:
Since (F ⊗ F † ) ⊗N K has an entry K i,j , a necessary condition for E being a CP mapping is that K i,j ≥ −1. An interesting special case here is when all entries in K are the same real numbers. This is in fact a generalized depolarizing channel. In this case, we have two different eigenvalues: 1 + (d 2 − 1)c and 1 − c. The necessary condition then becomes
This result was already obtained in [11] , and here it comes out to be a direct corollary of our above theorem. What we would like to point out here is that when c is negative , −1/(d 2 − 1) is the limit value we can achieve in this operation. This fact can be intuitively understood in the following: the inversion operation(that means c ≤ 0) cannot be done thoroughly; in other words, they cannot be entangled too much. It is also easy to check out that this value decreases with d increasing. This means that when dimensionality increases, the state space becomes more complicate, and the constraints between the different axes are more rigor.
Let us consider further the case when c = −1/(d 2 −1). The pure state ρ = |ψ ψ| will be mapped into E(ρ) = (dI−ρ)/(d 2 −1). If we treat the operation as an unprecise universal NOT operation, then the fidelity will be
which has been proved optimal in the case when d = 2, see [12] [13].
Recall from Section 2 that we have the constraints K p,q = K * −p,−q . So these operations are not completely independent in different axes, and there are conjugate axes such as σ p,q and σ −p,−q . Thus, the scalars of a CP operation in this two directions must be conjugated with each other. In the qubit case, since σ i,j are all self-conjugated, the entries of C are all real numbers, and the operation is independent for different axes.
A more general class of affine mappings
What concerns us in the last section are affine mappings without displacement vectors. In this section, we consider a more general affine mapping of the form:
where
. The problem in which we are interested remains when such an affine mapping is an image of a quantum operation. The following theorem establishes a connection between this problem and the semi-positive definite programming. 
Remark: In equation (11) we only use the latter d 2 − 1 entries in M , but sometimes for convenience we will add an extra entry K 0,0 = 1. It can be recognized from the context when this happens.
Proof. From
Then by the Kraus's Theorem, the claim in the theorem holds, and we complete the proof.
Since the generalized Pauli matrices can be simultaneously diagonalized, we can rewrite the condition in the above theorem as
There are many basic problems in quantum information fields which can be reduced to the most general version of the semi-positive definite programming problem; for examples, quantum state discrimination [14] , state estimation [15] , and quantum pattern recognition [16] . The above theorem provides us with an additional example of such problems. Indeed, let C be given. To keep E as a CP mapping, we need to determine the range of the diagonal matrix D. Then through D we can immediately get the range of M , for M = (F † ⊗ F ) D. Furthermore, the problem of determining the range of a diagonal matrix D to keep A + D ≥ 0 for a Hermitian matrix A is exactly a semi-positive definite programming problem.
As is well known, there has not yet a general analytic solution for the problem of semi-positive definite programming. We then cannot get a sufficient and necessary condition in an explicit form under which the linear mappings (11) are completely positive for the most general case. Here we propose instead a sufficient condition:
Conclusion
In this paper, we use the set of generalized Pauli matrices as a tool to present a new geometric representation of a quantum state of d-dimension. This enables us to introduce affine mappings into the space of qudits. Then we find a sufficient and necessary condition for a class of affine mappings without displacement vectors to be quantum operations on qudits. This condition is also generalized to the case of N qudits. Using this result, we can easily to decide whether a given mapping in the class we specified is a CP mapping or not. As an application, we derive the optimal fidelity of the universal N OT on d-dimensional state space:
Furthermore, we can easily deduce that when d = 2, or in the qubit case, this fidelity is optimal with the value
The most interesting thing that we discover here is that the CP condition for this kind of affine mappings is closely related to the quantum Fourier transform. We also consider some more general affine mappings with diagonal transition matrices and displacement vectors. We point out that the problem of deciding the complete positivity of these mapping is equivalent to the Semi-Positive Definite Programming problem. So, it is impossible to derive a general symbolic solution of this problem. Although that, we still get a sufficient condition which says that when the norm of the displacement vector is small enough, operation under consideration is CP.
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